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Control of Angular Motion of a Body by Means of Rotors

M. Z. LitvIN-SEDOY

LET US consider a system (@) of rigid bodies, consisting of

a free body Gy and s-kinematic chains of series-connected
bodies Gy(?, Go{?), . .., Gno'® (0 = 1,2,...,8) (Fig.1). For
all chains each subsequent body @,(9 (v = 2,3, ..., no) has,
with respect to the previous body G, — 1), up to three angular
bodies of freedom, inclusively, and each one of the bodies
G:(*) has, relative to body Gy, up to three angular degrees of
freedom. Thus, in the general case the connection between
adjacent bodies is realized by means of three-dimensional
linkages or gimbals. It is obvious that the system (G)

$
containsthe > 7, -+ 1bodies.
c=1

Such a mechanical system is designed for controlling the
angular motions of the main body Gy, while the relative
angular displacement of each of the bodies G(? (k =

. ., no) is realized by internal moments of the system (G)
(1 3) 1 Furthermore, the relative displacements of certain
of the bodies G4{ can, generally speaking, be prescribed
beforehand. The problem consists of a search for rules
governing relative motions of the controlling bodies of the
system (@), realizing beforehand the assigned motion of the
main body G; in an inertial space. We assume here that the
principal moment of all external forces with respect to the
center of mass C of the entire system (G) will equal zero.
The problem is solved with the aid of the integral of moments:
K = K, = constant, where K is the kinetic moment of sys-
tem (@) with respect to the center of mass C.

2 We will introduce the right-handed rectilinear coordi-
nate systems: Cién{, with the origin at the mass center
C, of body Gy and axes which maintain a constant direction
in inertial space; corglozs are associated with body Gy (the
primary and central axes ¢, 3o, 2 are in body Go) ; D72,y ()
2:() are agsociated with body G(® (axes (7, y(?, 2,{?) are,
in general, neither primary nor central); the origin of D,(®)
is selected at a fixed point of body G.(* with respect to body
G,—1(9); the origin of D:¢*) in the system of coordinates asso-
ciated with the body G1(® is selected at a point which is fixed
with respect to the main body Gy. So long as the relative
motion of body Gx{) appears to be revolving about an axis
fixed in the previous body, the origin of D:(* is selected at
some point lying on this axis. The symbol Cx{® in Fig. 1
denotes the mass eenter of body G+(); the symbol M 1;(? is
the jth mass point of this body. The remaining notations
are obvious (i.e., M,(?) is the nth mass point, ete.).

Let us introduce the following notations: me—as the mass
of body Gy; mi{”—the mass of body G4(*):

— A4, T.yi® I
L = || L@  —B® Ly
Izzk(a) I:yk(a) _Ck<.1)

as the matrix of moments of inertia for body G'+(*) with respect
to axes D929, Dyl D(92,(0) agsociated with it;
Ao, By, Cy are the moments of inertia for the main body G,
with respect to axes Cozo, Coye and Coz,, respectively; fi_i(®
is the row matrix for projections of vector a, (2 =

D@D (k= 1,2,..., no) on axes £x1(?, 41:1(?, 23_{;
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C.(® is the row matrix for the projections of the radius
vector ¢,(9) = D(0)C () on the axes 2,(?, y,(?, 2,(); 6,,() =
£, ¥, 2:?|| s the row matrix of the coordinate
points M ;{2 of the body Gi{?; m;(?} is the mass of the
material point M ;=)

b = ngh(xu,v)n (gh = 1,28; A0 =012, ..., n,)
the matrix of the direction cosines of trihedron zA‘@y\(@)z\ (o)
with respect to zu(®, yul®, zulo) .-

[l = cos(@n(?, y,() ete. ]
where the values A = 0 or u = 0 refer to trihedron zyysz;
el = [Ipa?, o', n,f‘”” is the matrix for projections
of the mstantaneous angular velocity of body G\() with
respect to body G, on the axes, associated with the same
body G\(?. By p, ¢, and r we designate the projections of
the absolute instantaneous angular velocity of body Gy on the
respective axes zo, %o, and 2o associated with it, respectively.
We specify the angular position of body Gy in the inertial
space with the aid of Euler angles ¢, ¢, v (Fig. 2). We
define the angular position of body GA(?) with respect to the
body G.(* similarly with the aid of Euler angles yy,(?,
$l?, Yl By Gyl it is understood to mean body G.)
The angular velocities are associated with the Euler angles
by the Euler kinematic relationship

‘p)\p’(a') = f)'/)\ﬂ(ﬂ') + ;‘L)\”(”) Sinﬂ)\#(ﬂ)
Dl = WL siny + ¥l cosdh P cosya,(? [1]
maul? = 0l cos Yl — aul? cosdh, () sinyy (@

Finally, with the aid of symbol ~ let us agree to denote
an operator transforming a row matrix a = |la;, a,, as)| to a
special matrix (4):

0 —as [¢2)
a = as 0 —ay
—Qs 271 0

The relationships are valid:

hal? = =&y, 5,9 M =012...,n,) [2]

(6=1,2,...,5)

Lol = H (D) et k=12 ...,0,) [3]
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K is used to denote the row matrix of the projections on
axes, To, Yo, 2o associated with the main body of the kinetic
moment K of system (@) with respect to its mass center C;
K (2 is the row matrix for projections on the same axes
To, Yo, 20 of the kinetic moment of body G+(*) with respect
to the mass center C' of system (G); K© is the correspond-
ing row matrix for the main body.

3 In order to find kinetic moment K we determine the
radius vector p of mass center C with respect to the mass
center Cp of the main body. Expressing the sum of static
moments in matrix form and using Eq. {3], we find row ma-
trix p of the projections of vector p on axes of the system
Zo, Yo, %o *

1 s na
o= — 2 (M $f () 4 my(De (D], () X
M SZ1 k=1
k—1
O le-oror—e—n [4]
z=1

where
8 o
=t 3 Hm
eg=1k=1

is the mass of system (@)

no
M = Z my (@
A=k

4 The kinetic moment of system (@) relative to its center
of mass is determined by expression

8 no
K = |K.KK.[| = Ko+ Y Y K2 [5]

o=1k=1
Starting from the definition of the kinetic moment and tak-

ing Eq. [2] into account, we write that
N
K = — 3 muOV @y
Gr(o)

where x;{ is the row matrix of projections on axes
Yo, % of radius—vector pi;{? = CM1;(® of the jth mass point
for body G+(* with respect to the mass center C of system
(@), Vi;(? is the row matrix of projections on these same
axes with derivative dp;(?/dt.

It is obvious from Ref. 4 that

. - . ~
Vid® = 31 — x50 = x5 + wu®
that is

N N
Ky = — GX(:) M [ Oxe () + o(xit)?] (6]
T o,

As follows from Fig. 1

k
P+ P = 3 (D 4 i
z=1

where r1;(9) = D) M (2 is the radius-vector of point M ;,(=)
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with respect to the origin of Di(®. Using Ri_,(? to denote
the row matrix

k
Ry = 3 foetlomtye — p {71
z=1

(where x = 1, lyy = E is a unitary matrix) we write matrix
x#;¢?) in the form

X557 = Rp18 4 60,0 (8]

By replacing the quantity x;(? in Eq. [6] with its expression
[8], we obtain, after transformation

. S——
Ky = —mk("){(Rk-l(”) + el Rey +
. S—— Na— N m—
R i 10?) + w[(Res')? + (o) Bis® +
Ri, @ (ck(”)lko("))]} — (il F+ @l T (D [9]

where m is the symbol of the transposed matrix. The
kinetic moment K is determined by the summation [5] in
which the matrix p [4] enters through matrix B, (= [7].

It is always possible to diagonalize matrices 1.2 (k = 1,2,
..., no) of the moments of inertia, adjusting the associated
axes, 27, 4:(9), 2,(*) along the principal axes to point D@,
However, if it is necessary to determine the influence of
deviations in the real mass parameters of bodies G'+{?) of the
system on those calculated on the basis of the dynamics of
the system (@), it is advisable to maintain the reading direc-
tions, corresponding to the principal axes of the undistorted
structure.

5 Let us specify the requirements of angular motion for
body Ge:
y=y@O =30 rv=v0 [10]
The projections K., Ky, K. in [5] of kinematic moment K on
the axes associated with the main body are expressed with
the aid of the first three integrals in Ref. 5:

K. = K, sin¢ K, = K, cosy cos?
K, = —K; siny cos?d {11]
Furthermore
p=¢sinz9—|—')'/ g = ¢ siny + ¢ cosy cos?d
r = & cosy — ¢ cosd? sinvy [12]

As soon as the functionsin [10] are given, the first integrals
in [11] determine, with computation of Egs. [1] and [12],
three relations (in general, differential) between laws of
relative angular motions for bodies G{?; where there is
sultable selection of controlling bodies, they provide for the
rotation of body @Gy according to relations [10].

Matrix wi(?), which characterizes the angular velocity of
body Gi(?) relative to body G, is expressed in terms of the
matrix of intermediate angular velocities with the aid of
relationship

B0 = @4 + 1wl T
(kp=12,...,n,) {13]
In fact, by virtue of Eq. [3]
bi0® = 1, DL() - 1, (0,0(®
and it follows from Eq. [2] that
— () = =15, O (0) — [ (D (] (DT
which also leads to relationship [13].
—— ———
As rE%rds matrices of the type cx(711(7), then ¢ ;(*) =

L@ TC (),
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6 As an example, let us consider system (@) of five bodies
Go, Gi'9 (6 = 1, 2, 3, 4 = 5). Controlling bodies G5(<,
Gi®, G1® rotate about axes gy, Yo, 20 of the main body Gy,
respectively; the center of the mass C;® of body Gi (g =
1, 2, 3) lies on the axis of its relative rotation. Then

Y@ = 9@ =0 Y@ = Q,
Jo® = ”31(1)’ 0, 0”
fo® = ”0! 8, 0“

fo® =10, 0,5
where
§@ = (0019
Body G1® has two degrees of freedom relative to body Gq
Yo = o F® = B

The law for «(f) and B(t) of the relative motion of body
G'® was given a priori.

The mass center C;® of body G419 coincides with the fixed
point Dy of this body in the main body Gy, lying on axis
Yo at a distance of s = s,® from the origin of C;. The mass
center C of the whole system (@) coincides with the mass
center Cy of the body Go. Let us accept 2,2, 1(?, 2,(7) as
principal axes. Bodies G1(?)(¢ = 1, 2, 3, 4) are essentially
bodies of rotation with respect to axes z;(%), respectively,
B9 = ,() = 3,(o); 3,(e) 5 the equatorial central moment of
inertia for body G1(?), ¢ = ¢, = 0.

To® =0

Consequently
A= 10,500 s=(@D®)  p=0 Ri—f
[t is evident that
KO = —oly = |4, Bog, Cor||
Furthermore, using relationship [9], we obtain
K@ = _m1<g>w(M2 — (W@ + @l @)@ [?
9=123)
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K@ = —[m@o(fe®)? 4 (0 + wlhe®@T)[;®]®]
Here (Fig. 2)
cosa cosf3  sinf8 —sina cosf
Lo = [la@?| = || —cosasin cosf sina sinf
sina 0 cosa

and by virtue of the relationshipsin [1}, considered when A =
Lu=00=4:

Pr® = & sinf ¢io® = & cosP r® = B
(wio® = ”pw(“’, g'®, rm“)H)
Using Eqgs. [5] and [9], we find the relationship
1 .
QOW) = 775 {Kosind — [(4,@ — @) cost cos?8 +
1

2,0 3, 43,4 | A, + A,®
mP(6:®)? + m@(6:9)2 + m@Ds?lp —
(4, — 3,®)(g sinB — r sina cosB) cosa cosfB —

3,08 sina = (3)(4:® — 2,Wé cosa sinf}

governing the laws of natural rotations (and two analogies)
GLO@), LA@), W)

for controlling bodies G4, providing for a fixed rotation of
the main body Gy when there is a fixed relative motion of
body GA¥.

—Submitted February 2, 1960
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Reviewer’s Comment

The description as developed by this article deals with the
angular control of a so-called “free” rigid body by the em-
ployment of the dynamic reaction of rigid kinetic appendages,
sometimes known as “inertia wheels.”” Exception is taken
here to the term ‘“free body” which is used to describe Gi.
More appropriately it should be “controlled body.” The
author goes on to state that there are s-kinematic chains of
series-connected bodies attached to the “free body.” In
almost the same breath he speaks of each of the bodies as
having mass points, total mass, and inertia which is not con-
sistent with the definition of kinematics.

Careful study of Fig. 1 reveals that all bodies with subscript
n are attached to a body with subseript n — 1. The super-
seript o denotes the number of bodies so attached. It is
entirely possible that there may be members of different
chains which would have the same sub- and superscript

notation. This could be rather confusing. This configura-
tion in Fig. 1 reminds one of a crystallographic array of
molecules in a solid state.

It may be noted here that directional inertial reference ap-
parently implies a Galilean frame (nonrotating axes and an
unaccelerated origin). It is not apparent that the character-
izations of this paper are completely applicable to the direc-
tionally inertial relative coordinates common in celestial
mechanics and astrodynamics (axes directionally fixed, but
the origin of the triad may experience acceleration). It
would not be too difficult to relate this work to past American
literature on the structural feedback problem as related to
rocket structures with gimbal-mounted rocket motors or
hydrogen-peroxide control jets.

—E. R. DUNKLE
International Business Machines Corp.



